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Functional Analysis I
Ph.D. Qualifying Exam

Thursday, September 6, 2007

There are five problems. Fach problem is worth 25 points. Only the
best four solutions will be counted. The passing score is 60 points or
higher. Time: 3 hours

Note. For a Hilbert space H with inner product < .,. >, we denote
by B(H) the algebra of all bounded linear operators on H. Recall that
H @ H is the Hilbert space consisting of all pairs (u,v) € H x H with
the inner product < (u1,vy), (ug, v9) >=< uy,us > + < vy, vy > .

(1) (a) Let H be a separable infinite dimensional Hilbert space.
Show that for any bounded linear operator 7" on H, there
exists a sequence (7, ),en of bounded linear finite rank op-
erators on H such that nhrgo T,x = Tx for every x € H.

(b) Let H = I*(N) and consider the operator T' on H given by
T(x1, Ty ey Tp, o) = (i1, 3209, ..., i"Ty, ...), Where 12 = —1.
Does there exist a sequence (T,),en of bounded linear fi-
nite rank operators on H such that lim |7, — T|| = 07

(2) (a) Let X be a Banach space and (¢,)nen be a sequence in X*
such that Y 2, ¢,(x) converges for every z € X. Prove

that the series S°°° 122l s convergent.
n=1 2

(b) Let H be an infinite dimensional Hilbert space. Show that
there exists an operator T' € B(H) \ {0} such that 7% = 0.

(3) (a) Prove that a normed linear space X is complete if and only
if every absolutely convergent series in X is convergent.
(A series > ° |z, is absolutely convergent if > 7 ||z, is
convergent).

(b) Let H be a Hilbert space and let u € B(H) be such that
u = u* and u? = 1. Show that there exists a projection p
in B(H) such that u = 2p — 1. (A projection p in B(H) is
an element of B(H) with p? = p = p*).
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(4) (a) Let X be a normed space and Y a closed subspace of X.
Show that if Y and X /Y are separable, then X is separable.

(b) Let H be a Hilbert space, A € B(H) and define B on

He Hby B = _ZQ e 264 Prove that B is self-adjoint
and ||A|| = || B||. (Here, ||B]| is the norm of B as an ele-

ment of B(H & H)).

(5) Let H be a Hilbert space and T' € B(H) be such that ||T7]| < 1.
Let x € H be such that To = x. Prove that 7"z = x.



